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QUADRATIC FORMS REPRESENTING THE pTH FIBONACCI
NUMBER
PEDRO BERRIZBEITIA, FLORIAN LUCA, AND ALBERTO MENDOZA
Abstract. In this paper, we show that if p ≡ 1 (mod 4) is prime, then 4Fp admits
a representation of the form u2 − pv2 for some integers u and v, where Fn is the nth
Fibonacci number. We prove a similar result when p ≡ −1 (mod 4).
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theory.
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1. Introduction
Let {Fn}n≥0 be the Fibonacci sequence given by F0 = 0, F1 = 1 and Fn+2 = Fn+1+Fn
for all n ≥ 0. The starting point for the investigation of the subject in the title is the
formula
(1) F2n+1 = F
2
n + F
2
n+1
known to Lucas (take Q = −1 in formula (34) in Lucas’s seminal 1878 paper [4]) since it
implies that every Fibonacci number of odd index can be represented as the sum of two
squares of integers numbers. This is a question which leads naturally to the investigation
of Fibonacci numbers Fn which can be represented under the form u
2 + dv2 with some
integers u and v and some integer d which is either fixed or depends on n. For example,
in [6], it is shown that if n ≡ 7 (mod 16), then Fn = u2 + 9v2 holds with some positive
integers u and v. For general results regarding this problem when d is fixed, see [3].
In [2], it was noted that if n = p2 is the square of an odd prime p 6= 5, then p divides
Fp2−1
2
, hence formula (1) implies that Fp2 = u
2+p2v2, for some integers u and v. Motivated
by this observation, they introduced and estimated the counting function of the infinite
set
S = {n : Fn = u2 + nv2 with some integers u, v}.
In the course of their investigation, they found computational evidence that indicated that
every prime p ≡ 1 (mod 4) belongs to S. In [1], it was proved this fact is true; that is that
if p ≡ 1 (mod 4), then Fp = u2 + pv2 for some integers u and v. The proof makes use of
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basic facts in Galois Theory and basic properties of the norm function of finite extensions
of Q. Prior, it was shown in [6] that the above formula never holds if instead of p ≡ 1
(mod 4), we have p ≡ 3, 7 (mod 20). In this paper, we find quadratic forms representing
Fp, for all primes p ≡ −1 (mod 4). In fact, we extend the method developed in [1] to study
other quadratic form representations for Fp or 4Fp, all depending only on the congruence
modulo 4 of the prime p. We state the main result of this paper:
Theorem 1. (i) If p ≡ 1 (mod 4) is prime, then 4Fp = u2− pv2 holds with some (in
fact, infinitely many) pairs of positive integers (u, v).
(ii) If p ≡ −1 (mod 4), then 4Fp = 5u2 + pv2 holds with some integers u and v.
2. The proof of Theorem 1
For a positive integer n let ζn be a primitive nth root of unity. We let
(α, β) = ((1 +
√
5)/2, (1 −
√
5)/2),
and use the fact that
(2) Fn =
αn − βn
α− β holds for all n ≥ 0.
Our proof proceeds by noting that formula (2) entails
(3) Fn =
n−1∏
t=1
(α− βζtn).
We assume that n = p is an odd prime and denote the field Q(
√
5, ζp) by L. We let
p∗ = (−1) p−12 p. For any subfield F of L, and for any γ ∈ L, NL/F(δ) will denote the
relative norm of γ from L to F. So NL/F(γ) =
∏
σ∈Gal(L/F) σ(γ), where Gal(L/F) is the
Galois Group of L over F.
Note that L is a number field of degree 2(p− 1) over Q, that is, [L : Q] = 2(p − 1).
Note further that Gal(L/Q) = 〈τ〉 × 〈σ5〉, where
• τ(ζp) = ζgp for some generator g of Z∗p, and τ(
√
5) =
√
5;
• σ5(ζp) = ζp, and σ5(
√
5) = −√5.
For integers d and d′ we let Qd = Q(
√
d) and we let Qd,d′ = Q(
√
d,
√
d′). The following
diagram of subfields of L is useful:
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L = Q(
√
5, ζp)
K = Q5,p∗
Q5 Q5p∗ Qp∗
Q
τ2
τ
τ = σp∗
σ5τσ5
σ5
τ
From the diagram, one can see that
Gal(L/K) = 〈τ2〉,
Gal(L/Q5) = 〈τ〉,
Gal(L/Qp∗) = 〈τ2〉 × 〈σ5〉,
Gal(L/(Q5p∗) = 〈τσ5〉.
From (2), we obtain
Fp =
p−1∏
t=1
(α − βζtp) =
p−1∏
s=1
(α− βτ s(ζp)) = NL/Q5(α− ζpβ).
We let γ = α− ζpβ, so γ ∈ L. We also let
Γ = NL/K(γ) =
p−1
2∏
t=1
(α− τ2t(ζp)β) =
∏
r∈R
(α− ζrβ),
where R is the set of quadratic residues in Z∗p. Again from (2), we get
Fp =
p−1∏
t=1
(α− ζtpβ) =
∏
r∈R
(α− ζrpβ)
∏
r∈R
(α− ζgrp β),
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where τ(ζp) = ζ
g
p . It follows that Fp = Γτ(Γ). Next we compute σ5(Γ) and get:
σ5(Γ) =
∏
r∈R
σ5(α− ζrpβ) =
∏
r∈R
(β − ζrpα) =
∏
r∈R
(−1
α
+
1
ζ−rp β
)
=
∏
r∈R(α− ζ−rp β)
(−1) p−12 ∏r∈R ζrp
,
where we have used for the last three equalities that
σ5(α) = β, σ5(β) = α, σ5(ζp) = ζp αβ = −1,
which are all trivial to verify. This leads to the following:
(1) if p ≡ 1 (mod 4) then σ5(Γ) = Γ;
(2) if p ≡ −1 (mod 4) then σ5(Γ) = −τ(Γ).
2.1. Case i) of Theorem 1. In that case σ5(Γ) = Γ, so Γ is fixed by τ
2 and by σ5.
It follows that Γ ∈ Qp∗. Hence, Γ = x + y√p for some half integers x and y. Since
Fp = Γτ(Γ), then Fp = x
2 − py2. Multiplying Γ by norm 1 units of the ring of integers of
Qp leads to infinitely many solutions.
2.2. Case ii) of Theorem 1. Now p∗ = −p and σ5(Γ) = −τ(Γ). Since we have Γ ∈ K =
Q5,−p, we get that
(4) Γ = r + s
√
5 + t
√−p+ u
√
−5p
with rational numbers r, s, t, u whose denominator divides 4. The condition
σ5(Γ) = −τ(Γ) implies r = u = 0.
It follows that Γ = s
√
5 + t
√−p. Apriori, 4s and 4t are integers. We need to be more
precise and justify that 2s and 2t. In order to do so, we argue as follows. The quadratic
fields Q5 and Q−p have integral bases {1, (1+
√
5)/2}, (respectively {1, (1+√−p)/2}) and
coprime discriminants 5 and −p. It follows that an integral basis for Q5,−p is
{1, (1 +
√
5)/2, (1 +
√−p)/2, (1 +
√
5)(1 +
√−p)/4}
(see Exercise 4.5.13 in [5]). Hence, for some integers a, b, c, d, we have
Γ = a+ b(1 +
√
5)/2 + c(1 +
√−p)/2 + d(1 +
√
5)(1 +
√−p)/4
= (a+ b/2 + c/2 + d/4) + (b/2 + d/4)
√
5 + (c/2 + d/4)
√−p+ (d/4)
√
−5p.(5)
Identifying coefficients in (4) and (5), we get
r = a+ b/2 + c/2 + d/4, s = b/2 + d/4, t = c/2 + d/4, u = d/4.
Since r = u = 0, we get d = 0, therefore 2s = b and 2u = c are integers. Since
Fp = Γτ(Γ) = 5s
2 + pt2, we get the desired result.
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